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Logistics

Reminder: this is neither an online nor a hybrid course.

• I’ve built leniency into the schedule and grading scheme.

• I will support remote attendance insofar as it is convenient for me 

to do so. Do not rely on this being a remote course.

• If you cannot attend in person, be in touch with me or Michael and 

come to student hours.



Recall: Basic modal logic syntax

⊤ ⊥ 𝑝 ¬𝜑 𝜑! ∧ 𝜑" 𝜑! ∨ 𝜑" 𝜑!→ 𝜑" ☐𝜑 ◇𝜑

p ¬p q ∧ p p → q p ∨ q

☐ p ◇¬p ☐(q ∧ p) ◇(p → q) q ∨☐ p

☐☐ p ¬◇p ☐q ∧◇p ◇(p → ☐q) ☐◇(q ∨☐ p)



Recall: Basic modal logic syntax

⊤ ⊥ 𝑝 ¬𝜑 𝜑! ∧ 𝜑" 𝜑! ∨ 𝜑" 𝜑!→ 𝜑" ☐𝜑 ◇𝜑

p ¬p q ∧ p p → q p ∨ q

☐ p ◇¬p ☐(q ∧ p) ◇(p → q) q ∨☐ p

☐☐ p ¬◇p ☐q ∧◇p ◇(p → ☐q) ☐◇(q ∨☐ p)



Recall: Basic modal logic syntax

⊤ ⊥ 𝑝 ¬𝜑 𝜑! ∧ 𝜑" 𝜑! ∨ 𝜑" 𝜑!→ 𝜑" ☐𝜑 ◇𝜑

p ¬p q ∧ p p → q p ∨ q

☐ p ◇¬p ☐(q ∧ p) ◇(p → q) q ∨☐ p

☐☐ p ¬◇p ☐q ∧◇p ◇(p → ☐q) ☐◇(q ∨☐ p)



Recall: Basic modal logic semantics
Model structure: ℳ = (𝑊,𝑅, 𝐿)

• W: set of “worlds” (nodes in a graph),

• R: binary “accessibility relation” on W (edges in a 
graph),

• L: “labeling function” from each world to a subset 
of atoms,

Where the set of atoms is the set of propositions.
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Basic modal logic: Semantics
𝑤⊩ ⊤

𝑤⊮⊥

𝑤⊩ a iff a ∈ L(w)

𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ ☐𝜑 iff ∀ w’ ∈ W (R(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ ◇𝜑 iff ∃ w’ ∈ W (R(w, w’) ∧ w’ ⊩ 𝜓 )
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Given Model structure: ℳ = 𝑊,𝑅, 𝐿 .
Let 𝑤 ∈ 𝑊.



Recap: New rules/equivalences

DeMorgan’s:

¬□𝜑 = ⋄ ¬𝜑

¬ ⋄ 𝜑 = □¬𝜑

Distributive:

□(𝜑 ∧ 𝜓) = □𝜑 ∨ □𝜓

⋄ 𝜑 ∨ 𝜓 =⋄ 𝜑 ∧⋄ 𝜓

Tautology,	contradiction:

□⊤ = ⊤

□⊤ ≠⋄ ⊤

⋄⊥= ⊥

⋄⊥≠ □ ⊥
Connective	equivalence:

¬□¬𝜑 =⋄ 𝜑



Recap: Basic valid formula of modal logic

All the same valid formulas, plus “K”:

(□(𝜑 → 𝜓) ∧ □𝜑) → □𝜓

Also written:

□(𝜑 → 𝜓) → (□𝜑 → □𝜓)



Axiom Knowledge Belief Property 
(axiom name)

R(w, w’)

□𝑝 → 𝑝 Agent Q only knows 
true things

NOT A SUITABLE 
AXIOM

Reflexive (T) ∀ 𝑤 ∈ 𝑊 𝑅 𝑤,𝑤
Not true for belief!!!

□𝜑 → □□𝜑 Agent Q knows what it 
knows (introspection)

Agent Q believes 
what it believes

Transitive (4) ∀ 𝑤,𝑤!, 𝑤!! ∈ 𝑊×𝑊×𝑊 ,
(𝑅 𝑤,𝑤! ∧ 𝑅 𝑤!, 𝑤!! → 𝑅(𝑤,𝑤!!))

⋄ 𝜑 → □ ⋄ 𝜑 If agent Q doesn’t know 
something, it doesn’t 
know what it doesn’t 
know

If agent Q doesn’t 
believe something, 
it doesn’t believe 
what it doesn’t 
believe

Euclidean (5) ∀ 𝑤,𝑤!, 𝑤!! ∈ 𝑊×𝑊×𝑊 ,
(𝑅 𝑤,𝑤! ∧ 𝑅 𝑤,𝑤!! → 𝑅(𝑤′, 𝑤!!))

⋄ ⊤ Agent Q doesn’t know 
contradictions

Agent Q doesn’t 
believe 
contradictions

Serial (D) ∀𝑤 ∈ 𝑊(∃𝑤! ∈ 𝑊(𝑅 𝑤,𝑤! )

□𝜑 →⋄ 𝜑 Agent Q can chain 
knowledge (true things, 
doesn’t get stuck)

Agent Q can chain 
belief (true things, 
doesn’t get stuck)

Serial (D) ∀𝑤 ∈ 𝑊(∃𝑤! ∈ 𝑊(𝑅 𝑤,𝑤! )



Graph comparison on board



Natural deduction in modal logic

Recall: natural deduction is useful for deriving true things through syntactic 

manipulation alone. 

All the same rules as propositional logic, plus:

1. Convert all ◇ 𝜑 to  ¬□¬𝜑

2. Open a new type of scope (dashed lines) for arbitrary possible world

3. Add relevant axioms (always K, sometimes others)



Epistemic logic engineering: S5/KT45n
Give □ a new semantics:  ”Specialize” □ to mean knowledge of a specific agent

• New name: K (for knowledge, not for the formula schema K, named after Saul Kripke)

• “possible worlds” become “other agents’” knowledge:

• □𝑝 ≡ 𝐾! 𝑝 : “Agent i knows p” 

• □□𝑝 ≡ 𝐾!𝐾"𝑝 : “Agent i knows that agent j knows p”

• 𝐾#𝑝 ∧ 𝐾$𝑝 ∧ ⋯𝐾%𝑝 ≡ 𝐸&𝑝, 𝐺 = 1,… , 𝑛 : “Every agent index by G knows p”

• 𝐸&𝑝 ∧ 𝐸&𝐸&𝑝 ∧ 𝐸&𝐸&𝐸&𝑝 ∧ ⋯ ≡ 𝐶& : “Everyone knows that everyone knows….. p (common knowledge)”

• 𝐷&𝑝 : “Knowledge of p is distributed among G” à p can be inferred from what G knows (reachability))



Basic modal logic: Semantics
𝑤⊩ ⊤

𝑤⊮⊥

𝑤⊩ a iff a ∈ L(w)

𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ ☐𝜑 iff ∀ w’ ∈ W (R(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ ◇𝜑 iff ∃ w’ ∈ W (R(w, w’) ∧ w’ ⊩ 𝜓 )
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Given Model structure: ℳ = 𝑊,𝑅, 𝐿 .
Let 𝑤 ∈ 𝑊.



𝑤⊩ ⊤

𝑤⊮⊥

𝑤⊩ a iff a ∈ L(w)

𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ ☐𝜑 iff ∀ w’ ∈ W (R(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ ◇𝜑 iff ∃ w’ ∈ W (R(w, w’) ∧ w’ ⊩ 𝜓 )
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Given Model structure: ℳ = 𝑊,𝑅, 𝐿 .
Let 𝑤 ∈ 𝑊.

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑



𝑤⊩ ⊤

𝑤⊮⊥

𝑤⊩ a iff a ∈ L(w)

𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ ☐𝜑 iff ∀ w’ ∈ W (R(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ ◇𝜑 iff ∃ w’ ∈ W (R(w, w’) ∧ w’ ⊩ 𝜓 )
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Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑



𝑤⊩ ⊤

𝑤⊮⊥

𝑤⊩ a iff a ∈ L(w)

𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ ☐𝜑 iff ∀ w’ ∈ W (R(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ ◇𝜑 iff ∃ w’ ∈ W (R(w, w’) ∧ w’ ⊩ 𝜓 )
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Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ ☐𝜑 iff ∀ w’ ∈ W (R(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ ◇𝜑 iff ∃ w’ ∈ W (R(w, w’) ∧ w’ ⊩ 𝜓 )
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Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )
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Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )
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Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

□𝝋 → 𝝋



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )
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Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

□𝝋 → □□𝝋



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )
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Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

⋄ 𝝋 → □ ⋄ 𝝋



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )
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Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1

R1

R1

For what world(s) w is 𝑤⊩ K1 q  true?



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )
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Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1

R1

R1

For what world(s) w is 𝑤⊩ K1 q  true?



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )

P, 
q

q P, 
q

p
q

w1

w6

w5

w4

w3

w2

Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1

R1

R1

𝑤⊩ EG q  trivially true for G = {}



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )

P, 
q

q P, 
q

p
q

w1

w6

w5

w4

w3

w2

Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1

R1

R1

𝑤⊩ EG q true for G = {1}



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )

p, 
q

q p, 
q

p
q

w1

w6

w5

w4

w3

w2

Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1

R1, R2

R1, R2

For what worlds w is 𝑤⊩ EG q true for G = {1, 2}?



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )

p, 
q

q p, 
q

p
q

w1

w6

w5

w4

w3

w2

Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1

R1, R2

R1, R2

For what worlds w is 𝑤⊩ EG EG q true for G = {1, 2}?*



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )

p, 
q

q p, 
q

p
q

w1

w6

w5

w4

w3

w2

Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1, R2

R1, R2

For what worlds w is 𝑤⊩ EG EG q true for G = {1, 2}?*

R1, R2



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )

p, 
q

q p, 
q

p
q

w1

w6

w5

w4

w3

w2

Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1, R2

R1, R2

For what worlds w is 𝑤⊩ EG EG EG  q true for G = {1, 2}?*

R1, R2



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )

p, 
q

q p, 
q

p
q

w1

w6

w5

w4

w3

w2

Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1, R2

R1, R2

For what worlds w is 𝑤⊩ CG q true for G = {1, 2}?

R1, R2



𝑤⊩ ⊤,   𝑤⊮⊥,    𝑤⊩ a iff a ∈ L(w),  𝑤⊩ ¬𝜑 iff w ⊮ 𝜑

𝑤⊩ 𝜑 ∧ 𝜓 iff w ⊩ 𝜑 and w ⊩𝜓

𝑤⊩ 𝜑 ∨ 𝜓 iff at least one of w ⊩ 𝜑 or w ⊩ 𝜓

𝑤⊩ 𝜑 → 𝜓 iff w ⊩ 𝜑 whenever w ⊩ 𝜓

𝑤⊩ Ki 𝜑 iff ∀ w’ ∈ W (Ri(w, w’) → w’ ⊩ 𝜓)

𝑤⊩ EG𝜑 iff ∀ i ∈ G (w ⊩ Ki𝜓 )

𝑤⊩ CG𝜑 iff ∀ k ≥ 1 (w ⊩ E𝐺k𝜓 )

𝑤⊩ DG𝜑 iff ∀ w’ ∈ W (∀ i ∈ G (Ri (w, w’) → w ⊩𝜓 )

p, 
q

q p, 
q

p
q

w1

w6

w5

w4

w3

w2

Given Model structure: ℳ = 𝑊, 𝑅 <∈= , 𝐿 .

KT45n syntax & Semantics ⊤ ⊥ 𝑝 ¬𝜑 𝜑" ∧ 𝜑# 𝜑" ∨ 𝜑# 𝜑"→ 𝜑#
K$𝜑 𝐸%𝜑 𝐶%𝜑 𝐷%𝜑

R1

R1, R2

R1, R2

For what worlds w is 𝑤⊩ DG q true for G = {1, 2}?

R1, R2





Exercise: CGMs vs. Kripke structures


